Graovac and Pisanski [On the Wiener index of a graph, J. Math. Chem. 8 (1991) 53 -62] applied an algebraic approach to generalize the Wiener index by symmetry group of the molecular graph under consideration. In this paper, exact formulas for this graph invariant under some graph operations are presented.
Introduction
Throughout this paper graph means simple connected graphs. The distance between the vertices u, v of a graph G, d G (u, v) (or d(u, v) for short), is defined as the number of edges in a shortest path connecting them. The sum of all distances between vertices in G is called the Wiener index of G [9] . The first study of this number were made by Harold Wiener in 1947 who realized that there are correlations between this graph invariant and the boiling points of paraffin. We encourage the reader to consult [1, 2] and references therein for information about the effect of this graph invariant on trees and hexagonal systems and [4] for some applications in chemistry.
Let G = (V, E) be a simple graph with the vertex set V and the edge set E. Graovac and Pisanski [3] in a seminal paper applied the symmetry group of the graph under consideration to generalize the Wiener index. To explain, we assume that Γ is the automorphism group of G. Then the distance number of an automorphism g, δ(g), is defined as the average of d (u, g(u) ) over all vertices u ∈ V (G) and 
It can be easily shown that
The authors of [3] , in their pioneering work used the name "modified Wiener index" for this graph invariant. Suppose e = uv ∈ E(G) and V (e) = {u, v}. The line graph L(G) is a graph with E(G) as vertex set. Two different vertices of V (L(G)) are adjacent if and only if they have a common vertex in G. The subdivision graph S(G) is the graph obtained by inserting an additional vertex in each edge of G. In other words, each edge of the subdivision graph is replaced by a path of length 2. Suppose G is a graph. Following Yan et al. [8] , we set
is the set of all end vertices of the edge e. Define the line graph L(G), the subdivision graph S(G), the total graph T (G) and the graphs R(G) and Q(G) as follows:
Throughout this paper we use the standard notations of group theory and graph theory. We refer to [5] , for the main properties of product graphs. If G is a connected graph then the diameter d = diam(G) is defied as the length of the largest distance between two vertices in G. Moreover, define
. Suppose x and y are vertices of G. We write x ∼ G y to show that x, y are adjacent in G. They are called equivalent, x ≈ G y, if there exists an automorphism α such that α(x) = y. The path, cycle and complete graphs with n vertices are denoted by P n , C n and K n , respectively. The number of edges in a path P is denoted by l(P ) and named the length of P . Our other notations are standard and taken mainly from the standard books on these topics.
Main Theorem. Suppose G is a tree of diameter d. Then the following relations hold:
Proof of the Main Theorem
In [6] , a character theoretical method for computing the modified Wiener index of graphs is presented and in [8] , the authors computed exact formulas for the Wiener index under five graph operations. The aim of this paper is to continue these papers by computing the modified Wiener index of trees under the graph operations L(−), S(−), T (−), Q(−) and R(−). For simplicity of our argument, we assume that Γ = Aut(G) and
We will start by stating a well-known result in algebraic graph theory.
Lemma 2.1. Suppose G is a tree with at least three vertices. Then Aut(L(G)) ∼ = Aut(G).
Proof. It is an immediate consequence of [7, Corollary 1.4].
Theorem 2.2. Let G be a tree with n ≥ 3 vertices and
Proof. Suppose e = uv and f = xy are vertices of
Therefore, for any vertices e and f of L(G) at distance i, we fined two vertices u e and u f of G at distance i + 1, corresponding to e and f , respectively.
We now assume that r and s are vertices in G at distance i and r = v 0 , v 1 , . . . , v i−1 , v i = s is the unique shortest path connecting r and s. Then the edges v 0 v 1 and
Theorem 2.4. Let G be a tree with n ≥ 3 vertices. Then
Proof. Suppose x, y ∈ V (S(G)) are in the same orbit of Aut(S(G)), d S(G) (x, y) = k and τ (x) = y, where τ ∈ Aut(S(G)). It is obvious that both of x and y must be together in V (G) or E(G). We first assume that x, y ∈ V (G). Choose the shortest path
Obviously, if i is even then u i ∈ G and so k = 2k . Since G is tree, P 2 : x = u 0 , u 2 , . . . , u k = y is the unique path connecting x and y in G. Hence,
Next we assume that x, y ∈ V (G),
Suppose thatx andỹ are corresponding vertices of x and y in L(G), respectively. Since S(G) is tree, the path P 3 is unique and so the vertices u i , i is even, are corresponding to verticesũ i in L(G). This proves that k is even, say k = 2k . In a similar way, there exists a path P 2 :
Therefore,
, which completes our proof. Lemma 2.5. Suppose G is a tree with at least three vertices. Then Aut(T (G)) ∼ = Aut(G).
Proof. The map Φ : Aut(G) −→ Aut(T (G)) defined in a similar way as Lemma 2.3, is an isomorphism. Since if α ∈ Aut(G) then Φ(α) ∈ Aut(T (G)) and for β ∈ Aut(T (G)) we have α = β| G ∈ Aut(G), as desired.
Theorem 2.6. With hypothesis of Lemma 2.5, W (T (G)) =
Proof. Suppose x and y are vertices of T (G) such that x ≈ T (G) y and d T (G) (x, y) = k. If x, y ∈ G then we claim that d G (x, y) = k. To prove, we first notice that G is a subgraph of T (G). Next we assume that P : x = u 0 , u 1 , . . . , u h = y is the unique path in G and P : x = v 0 , v 1 , . . . , v k = y is a shortest path in L(G) connecting x and y. If v 1 is a vertex in L(G) and v 2 is a vertex in G then by interchanging v 0 , v 1 , v 2 by v 0 , v 2 we obtain another path P in L(G) such that l(P ) < l(P ), a contradiction. Thus, if
) and l(P ) < l(P ). This shows that v 1 ∈ V (L(G)). By continuing this method, one can see that all vertices of P are in vertices of G. Therefore, P = P . A similar argument shows that in other case that x and y are corresponding to vertices in L(G), a shortest path in L(G) and T (G) will be the same and so
, which completes the proof.
Lemma 2.7. Suppose G is a tree with at least three vertices. Then Aut(Q(G)) ∼ = Aut(G). x, y) . Suppose x, y are vertices of G with distance k and P : x = u 0 , u 1 , . . . , u k−1 , u k = y is a shortest path in G connecting x and y. If x and y are adjacent in G then distance between them in Q(G) will be 2. In other case, the path P : x = u 0 , e 1 , . . . , e k , u k = y has length k + 1, where e i = u i−1 u i , 1 ≤ i ≤ k. In the case that x, y ∈ L(G), the sum of distances is i iD(L(G), i) and in the second case the summation will be i D(G, i)
. By applying Theorem 1, the result is obtained.
Lemma 2.9. Suppose G is a tree with at least three vertices. Then Aut(G) is isomorphic to a proper subgroup of Aut(R(G)).
Proof. It is easy to see that the mapping Φ : Aut(G) −→ Aut(R(G)) given by the same definition as Lemma 2.3 is a one-to-one homomorphism, as desired. Since G is a tree, it has at least a pendant vertex and so R(G) has an automorphism of order 2 in Aut(R(G)) \ Φ(Aut(G)), proving the lemma. Theorem 2.10. With hypothesis of Lemma 2.9,
Proof. Suppose x and y are vertices in R(G). Similar to Theorem 2. y) . In this case, the sum of distances is at least i iD(G, i). If x and y are corresponding to vertices w and
and so the sum of distances is at least i iD(L(G), i) + i D(G, i). Now, we assume that u and v are two pendants in G and in the same orbits under the action of Aut(G) on vertices and e and f are edges such that u is incident to e and f is incident to v. Then e and f are in the same orbits under the action of Aut(G) on edges. Hence, in R(G), all elements of {u, v, e, f } are in the same orbits under the action of Aut(R(G)). Since, corresponding to
, which completes our argument.
Examples
In this section, we apply our results in the pervious section. We denote the cyclic group of order n by Z n and the symmetric group on n symbols by Sym(n). We notice that by Lemmas 2.1-2.7, if G is a tree with at least three vertices then
and also by Lemma 2.9, Aut(G) ≤ Aut(R(G)).
and W (R(P n )) are calculated where P n is a path with n vertices. To do this, we assume that
. We first notice that the automorphism group of P n is generated by an element α of order 2, where
) n is odd.
Therefore, Aut(P n ) ∼ = Z 2 . The modified Wiener index of P n was computed in [3, Example 5.6] as
n is odd.
On the other hand, if n is even, then
and if n is odd, then
By applying Theorems 2.2-2.10, we obtained the following equations,
n is even
n is odd,
For the last equality, we notice that the automorphism group of R(P n ) can be generated by three elements α, β and γ as follows:
, e n+3 2 n is odd.
It is easy to see that this group is isomorphic to the dihedral group D 8 .
In the following example to compute the modified Wiener index, we apply the concept of semidirect product and wreath product of groups together with our results in last section. Let G be a group with a subgroup H and a normal subgroup N such that G = HN and H ∩ N = 1. Then G is called the semidirect product of N by H. To define the notion of wreath product, we assume that A and H are groups, X is a set and H acts on X. Define K = w∈X A w , where A w ∼ = A. If we consider the elements of K as arbitrary sequences of elements of A with componentwise multiplication then the action of H on X can be extended in a natural way to an action of H on the group K by h(a ω ) = (a h −1 ω ). Then the wreath product A H of A by H is the semidirect product H by K. Example 3.2. Suppose S n is an star with a vertex of degree n and n pendant vertices. Since S n has exactly one vertex of degree n, this vertex will be fixed under each automorphism of S n . On the other hand, all pendants can be imaged under permutations to each other. Thus Aut(S n ) ∼ = Sym(n). According to [3, Example 5.8] , the modified Wiener index of S n with n + 1 vertices is equal to W (S n ) = n 2 − 1.
Also, D(S n , i) = 0 i = 1 (n − 1)n! i = 2.
Therefore, by applying Theorems 2.2-2.10, W (L(S n )) = n 2 − n 2 , W (S(S n )) = 5n 2 − 3n − 3, W (T (S n )) = 6n 2 − 3n − 3 2 , W (Q(S n )) = 4n 2 − 2n − 2,
For the proof of last equality, we assume that V (S n ) = {v 0 , v 1 , v 2 , . . . , v n } and E(S n ) = {e i = v 0 v i | 1 ≤ i ≤ n}.
The automorphism group of R(S n ) has automorphisms τ i such that τ i : v i → e i and τ i fixes other vertices of the graph. Suppose A i = τ i . Then A i ∼ = Z 2 and
n times is isomorphic to a subgroup of Aut(R(S n )). On the other hand, Sym(n) acts on K by α(a i ) = (a α −1 i ). Hence Aut(R(S n )) ∼ = Z 2 Sym(n).
